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Ìåòîä áèíàðíîé àïïðîêñèìàöèè ñî ñëó÷àéíûì

ðàçáèåíèåì.

𝑋𝑡 = 𝑋0 +
∫ 𝑡

0

𝜇(𝑋𝑠)𝑑𝑠 +
∫ 𝑡

0

𝜎(𝑋𝑠)𝑑𝑊𝑠 ,
𝑋𝑡 = 𝑋0 + 𝜎𝑊𝑡

𝑌𝑡 =

∫ 𝑡

0

𝜑(𝑊𝑠)𝑑𝑠 +
∫ 𝑡

0

𝜓(𝑊𝑠)𝑑𝑊𝑠

𝑌𝑡 = ln 𝑍𝑡 , 𝑍0 = 1,

𝜑(𝑊𝑡 ) = − 𝜇2 (𝑋0 + 𝜎𝑊𝑡 )
2𝜎2

, 𝜓(𝑊𝑡 ) =
𝜇(𝑋0 + 𝜎𝑊𝑡 )

𝜎
.
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Ìåòîä áèíàðíîé àïïðîêñèìàöèè ñî ñëó÷àéíûì

ðàçáèåíèåì.

𝜔 = {(𝜏1, 𝛿1), (𝜏2, 𝛿2), ..., (𝜏𝑛, 𝛿𝑛), ...},
𝜏𝑖 (𝜔) = min{𝜏𝑖−1 (𝜔) ≤ 𝑡 : |𝑊𝑡 (𝜔) −𝑊𝜏𝑖−1 (𝜔) | = ℎ}, 𝜏0 (𝜔) = 0,

𝛿𝑖 (𝜔) =
{
1,𝑊𝜏𝑖 (𝜔) −𝑊𝜏𝑖−1 (𝜔) = ℎ

−1,𝑊𝜏𝑖 (𝜔) −𝑊𝜏𝑖−1 (𝜔) = −ℎ
𝜈𝑖 = 𝜏𝑖 − 𝜏𝑖−1,
𝑃(𝛿𝑖 = 1) = 𝑃(𝛿𝑖 = −1) = 0.5.

𝑌 𝜏𝑁 =

𝑁∑︁
𝑗=1

𝑘∑︁
𝑖=0

𝜑𝑖 (𝑊𝜏𝑁
𝑗−1

)

𝑖!

∫ 𝜏𝑁
𝑗

𝜏𝑁
𝑗−1

(𝑊𝑠−𝑊𝜏𝑁
𝑗−1

)𝑖𝑑𝑠+
𝑁∑︁
𝑗=1

𝑚∑︁
𝑖=0

𝜓𝑖 (𝑊𝜏𝑁
𝑗−1

)

𝑖!

∫ 𝜏𝑁
𝑗

𝜏𝑁
𝑗−1

(𝑊𝑠−

𝑊𝜏𝑁
𝑗−1

)𝑖𝑑𝑊𝑠,

|Δ𝑁 | ≤ 𝐴𝑘 (𝛽)
(
1

𝑁

) 𝑘 + 1

2 + 𝐵𝑚 (𝛽)
(
1

𝑁

)𝑚 + 1

2
,

𝑌𝜏𝑛 = 𝑌𝜏𝑛−1 +
1

2
ℎ2𝜓 ′(𝑊𝜏𝑛−1 )+

(
𝜑(𝑊𝜏𝑛−1 ) −

1

2
𝜓 ′(𝑊𝜏𝑛−1 )

)
𝜈𝑛+(𝜈𝑛𝜑′(𝑊𝜏𝑛−1 )+

𝜓(𝑊𝜏𝑛−1 ))ℎ𝛿𝑛.
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Ìåòîä áèíàðíîé àïïðîêñèìàöèè ñî ñëó÷àéíûì

ðàçáèåíèåì.

Ïåðâàÿ çàäà÷à.

𝐸 𝑓 (𝑋𝑇 )𝐼{𝑋𝑇 ≤𝑏}∧{𝑋𝑇 ≥𝑎},

𝑋𝑇 = sup
𝑡≤𝑇

𝑋𝑡 , 𝑋𝑇 = inf
𝑡≤𝑇

𝑋𝑡 ,

𝐸 𝑓 (𝑋𝑇 )𝐼{𝑋𝑇 ≤𝑏}∧{𝑋𝑇 ≥𝑎} =

= 𝐸∗𝑍𝑇 𝑓 (𝑋0 + 𝜎𝑊𝑇 )𝐼{
𝑊𝑇 ≤

1

𝜎
(𝑏 − 𝑋0)

}
∧
{
𝑊

𝑇
≥
1

𝜎
(𝑎 − 𝑋0)

} .
Âòîðàÿ çàäà÷à.

Ψ(𝑥, 𝑦) =
𝑛∑︁

𝑘=1

𝜑𝑘 𝐼{𝑥≤𝑏𝑘 }∧{𝑦≥𝑎𝑘 },

𝑎𝑛 < ... < 𝑎1 < 𝑏1 < ... < 𝑏𝑛,

𝜑𝑘 ≥ 0,
𝐸Ψ(𝑋𝑇 , 𝑋𝑇 ) = 𝐸∗𝑍𝑇Ψ(𝑋0 + 𝜎𝑊𝑇 , 𝑋0 + 𝜎𝑊

𝑇
).

Åñëè Ψ(𝑥, 𝑦) = 𝐼{𝑥≤𝑏}∧{𝑦≥𝑎}, òî 𝐸Ψ(𝑋𝑇 , 𝑋𝑇 ) � âåðîÿòíîñòü íåâûõîäà

ñëó÷àéíîãî ïðîöåññà èç ïîëîñû
∏

= {(𝑥, 𝑡) : 𝑎 ≤ 𝑥 ≤ 𝑏, 0 ≤ 𝑡 ≤ 𝑇}.
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Ìåòîä áèíàðíîé àïïðîêñèìàöèè ñî ñëó÷àéíûì

ðàçáèåíèåì.

Ðèñóíîê 1. Ýìïèðè÷åñêàÿ è ðåàëüíàÿ ïëîòíîñòè ðàñïðåäåëåíèÿ

ñëó÷àéíîé âåëè÷èíû 𝜈, ñïëîøíàÿ ëèíèÿ � ýìïèðè÷åñêàÿ ïëîòíîñòü,

ïóíêòèðíàÿ ëèíèÿ � ðåàëüíàÿ ïëîòíîñòü.
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Ñåìèìàðòèíãàëüíàÿ ìîäåëü Áëýêà-Øîóëñà.

𝑊𝜏𝑖 = 𝑊𝜏𝑖−1 + ℎ𝛿𝑖 ,𝑊
ℎ
𝑡 = 𝑊𝜏𝑖−1 , 𝜏𝑖−1 ≤ 𝑡 < 𝜏𝑖 , 𝑖 = 1, 2, ..., 𝜏0 = 0.{

𝑑𝑆𝑡 = 𝑆𝑡 (𝜇𝑑𝑡 + 𝜎𝑑𝑊ℎ
𝑡 )

𝑑𝐵𝑡 = 𝐵𝑡𝑟𝑑𝑡{
𝑆𝑡 = 𝑆𝜏𝑖−1 [exp(𝜇(𝑡 − 𝜏𝑖−1))𝐼{𝜏𝑖−1 ≤ 𝑡 < 𝜏𝑖} + exp(𝜇𝜈𝑖) (1 + 𝜎ℎ𝛿𝑖)𝐼{𝑡 = 𝜏𝑖}]
𝐵𝑡 = 𝐵0 exp(𝑟𝑡)

𝐶 ≈ 𝑒−𝑟𝑇

𝑀

𝑀∑︁
𝑖=1

1

2𝑁
ℎ
𝑇
(𝑖)

𝑁ℎ
𝑇
(𝑖)∑︁

𝑘=0

𝐶𝑘

𝑁ℎ
𝑇
(𝑖) 𝑓

(
𝑆0 exp(𝑟𝜏𝑁 (𝑖)) (1 + 𝜎ℎ)𝑘 (1 − 𝜎ℎ)𝑁ℎ

𝑇
(𝑖)−𝑘

)
,

𝑁ℎ
𝑇
(𝑖) = max{𝑛 : 𝜏𝑛 (𝑖) ≤ 𝑇}.
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Ìîäåëü ñëó÷àéíîãî áëóæäàíèÿ ñ ïðîïóùåííûìè

ñëàãàåìûìè.

Δ𝑋𝑛 = 𝜇(𝑋𝑛−1)𝑚 + 𝜎(𝑋𝑛−1)Δ𝑊𝑛,

Δ𝑌𝑛 = 𝜎
√
𝑚𝛿𝑛, 𝛿𝑛 = sign(𝑋𝑛 − 𝑌𝑛−1),

Δ𝑌𝑛 = 𝜎
√
𝑚𝛽𝑛𝛿𝑛, 𝛽𝑛 = 𝐼{ |𝑋𝑛−𝑌𝑛−1 | ≥ℎ𝑚 }, ℎ𝑚 =

1

2
𝜎
√
𝑚,

𝑆𝑛 = 𝑆0𝑒
𝑟𝑛𝑚 (1 + 𝜎

√
𝑚)𝜂𝑛 (𝛿) (1 − 𝜎

√
𝑚) 𝜉𝑛 (𝛽)−𝜂𝑛 (𝛿) ,

𝜉𝑛 (𝛽) =
𝑛∑︁
𝑖=1

𝛽𝑖 , 𝜂𝑛 (𝛿) =
𝜉𝑛 (𝛽)∑︁
𝑖=1

max(𝛿𝑖 , 0), 𝑛 = 1, 2, ..., 𝑁,

𝐶 = 𝑒−𝑟𝑇𝐸 𝜉𝑁 (𝛽)

[
1

2𝜉𝑁 (𝛽)

𝜉𝑁 (𝛽)∑︁
𝑖=0

𝐶𝑖
𝜉𝑁 (𝛽) 𝑓

(
𝑆0𝑒

𝑟𝑇 (1 + 𝜎
√
𝑚)𝑖 (1 − 𝜎

√
𝑚) 𝜉𝑁 (𝛽)−𝑖

)]
.
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Ñëó÷àéíîå ðàçáèåíèå ïàññàæàìè âèíåðîâñêîãî ïðîöåññà

ñî ñíîñîì.

Ïåðâàÿ ìîäåëü.

𝜏0 = 0, ..., 𝜏𝑖 = inf{𝜏𝑖−1 ≤ 𝑡 : |𝑏(𝑡 − 𝜏𝑖−1) + (𝑊𝑡 −𝑊𝜏𝑖−1 ) | ≤ 𝑎},
𝜏𝑖 = 𝜏𝑖−1 + 𝜈𝑖,𝜈 = inf{𝑡 : |𝑏𝑡 +𝑊𝑡 | ≤ 𝑎},
𝜈𝑎 = inf{𝑡 : 𝑏𝑡 +𝑊𝑡 ≥ 𝑎}, 𝜈−𝑎 = inf{𝑡 : 𝑏𝑡 +𝑊𝑡 ≤ −𝑎},

𝛿 =

{
1, 𝜈𝑎 > 𝜈−𝑎
−1, 𝜈𝑎 < 𝜈−𝑎

𝑃(𝛿 = 1) = 𝑃(𝜈𝑎 < 𝜈−𝑎) =
exp(𝑏𝑎) − 1

exp(𝑏𝑎) − exp(−𝑏𝑎) .
Âòîðàÿ ìîäåëü.

𝜈 = min{𝜈𝑎, 𝜈−𝑎} =
{
𝜈𝑎, 𝛿 = 1

𝜈−𝑎, 𝛿 = −1
𝑝𝜈 (𝑡) = 𝑝𝜈𝑎 (𝑡)𝑃(𝛿 = 1) + 𝑝𝜈−𝑎 (𝑡)𝑃(𝛿 = −1).
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Ïðèìåð 1.

Ïàðàìåòðû óðàâíåíèé:

𝑋0 � íà÷àëüíîå çíà÷åíèå

𝛼 � ìíîæèòåëü âîçâðàòà

𝛽 � òî÷êà âîçâðàòà

𝜎 � âîëàòèëüíîñòü

Çàäàíà ïîëîñà [𝑎, 𝑏].
Ïðîöåññ Îðíøòåéíà-Óëåíáåêà: 𝑋0 = 0, 𝛽 = 0, 𝜎 = 0.1, 𝑎 = −0.1, 𝑏 = 0.1.
Ïðîöåññ êâàäðàòíîãî êîðíÿ: 𝑋0 = 0.49, 𝛽 = 0.49, 𝜎 = 0.1, 𝑎 = 0.13,
𝑏 = 0.85.
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Ïðèìåð 1.

Òàáëèöà 1. Âåðîÿòíîñòü íåâûõîäà ïðîöåññà Îðíøòåéíà Óëåíáåêà èç

ïîëîñû.
𝛼 Êðàåâàÿ Áèíàðíàÿ Àïïðîêñèìàöèÿ

çàäà÷à àïïðîêñèìàöèÿ ñ íîðìàëüíûìè ñ.â. ñ

ïðîïóùåííûìè ñëàãàåìûìè ïîñòîÿííûì ðàçáèåíèåì

1 0.5275 0.5311 0.5658

2 0.6769 0.6723 0.6816

3 0.8009 0.7930 0.7763

4 0.8896 0.8786 0.8500

5 0.9450 0.9372 0.9026

6 0.9755 0.9697 0.9697

7 0.9903 0.9828 0.9447

Äëÿ áèíàðíîé àïïðîêñèìàöèè ñ ïðîïóùåííûìè ñëàãàåìûìè

ñðåäíåêâàäðàòè÷åñêàÿ ðàçíèöà ñ ïåðâûì ñòîëáöîì ðàâíà 0.0079,

äëÿ Ýéëåðà-Ìóðîÿìà � 0.0367.

10 / 11



Ïðèìåð 1.

Òàáëèöà 2. Âåðîÿòíîñòü íåâûõîäà ïðîöåññà êâàäðàòíîãî êîðíÿ èç

ïîëîñû.
𝛼 Êðàåâàÿ Áèíàðíàÿ Àïïðîêñèìàöèÿ

çàäà÷à àïïðîêñèìàöèÿ ñ íîðìàëüíûìè ñ.â. ñ

ïðîïóùåííûìè ñëàãàåìûìè ïîñòîÿííûì ðàçáèåíèåì

1 0.2727 0.2735 0.2432

2 0.3846 0.3851 0.3461

3 0.4909 0.4904 0.4414

4 0.5796 0.5827 0.5290

5 0.6487 0.6515 0.6090

6 0.7031 0.7106 0.6814

7 0.7483 0.7534 0.7462

Äëÿ áèíàðíîé àïïðîêñèìàöèè ñ ïðîïóùåííûìè ñëàãàåìûìè

ñðåäíåêâàäðàòè÷åñêàÿ ðàçíèöà ñ ïåðâûì ñòîëáöîì ðàâíà 0.0057,

äëÿ Ýéëåðà-Ìóðîÿìà � 0.0375.
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